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The temperature-dependence of the extra lattice thermal resistivity of a doped
sample due to the presence of electrons has been studied at low temperatures for the
first time by analysing the extra lattice thermal resistivity due to electrons of five
samples of phosphorus-doped Ge having different carrier concentrations in the range
1.2x10% — 1,110 m~® in the temperature range 1—5 K. The variation of the
extra lattice thermal resistivity of a doped sample due to electrons with the param-
eters * (the reduced Fermi energy), m* (the density of states effective mass), Ej, (the
deformation potential constant) and » (the carrier concentration) which are responsible
for the electron-phonon scattering relaxation rate has also been analysed for the first
time in the present study. A distinction has been made between non-peripheral and
peripheral phonons in the present analysis. An analytical expression is reported for
calculation of an approximate value of the extra lattice thermal resistivity of a doped
sample due to the presence of electrons at low temperatures.

In a doped semiconductor, the presence of electrons means an extra scatterer
to phonons, and the scattering of phonons may be due either to the conduction-
state electrons [1] or to the bound-state electrons [24], which depends mainly on
the position of the Fermi energy and the concentration of electrons. For low con-
centrations, the impure atoms may be regarded as independent scatterers of pho-
nons, and phonons are scattered mainly due to virtual transitions of electrons
between the singlet state and the first excited triplet state, and the lattice thermal
resistivity of the doped sample is mainly due to bound-state electrons. For the
higher concentrations, the impurity levels overlap with the conduction band and
only a few free electrons are available. As a result, the lattice thermal resistivity
of a doped sample having a higher carrier concentration is mainly due to the con-
duction-state electrons. Several workers [5—7] have studied the lattice thermal
conductivity of doped semiconductors and it is well established that, for a doped
sample having a donor electron concentration larger than 102 m-2, the donor
levels merge with the conduction band and the scattering of phonons by the con-
duction-state electrons is the most relevant scattering mechanism, while the ex-
pression reported by Ziman [1] for the electron-phonon scattering relaxation rate
gives a very good response to the experimental data [8] of a doped semiconductor
having a carrier concentration larger than 102 m-2, at low temperatures.
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During the study of the scattering of phonons by the conduction-state electrons,
however, it has been found {{, 9, 10] that the comservation of momentum and
energy requires that an electron in state K can only interact with those phonons
for which the wave vector / §/ < 2/ K/. For metals, K = K, where Ky is the
electron wave vector corresponding to the Fermi surface. In view of the above fact
and following the earlier workers [9— 12], the entire photions can be divided into
two groups. Group I phonons are those which have wave vector / G/ < 2/ K/
and can interact with electrons. Such phonons are known as non-peripheral [5—12]
phonons. Group II phonons are those which have wave vector [ g/ > 2/ K/
and can not scatter with electrons. These phonons are referred to as peripheral
[9—12] phonons. Thus, it is clear that the extra lattice thermal resistivity of a
doped sample having a carrier concentration larger than 10" m~2 is entirely due
to non-peripheral phonons. The extra lattice thermal resistivity W, of a doped
sample due to the presence of electrons can be studied by subtracting the lattice
thermal resistivity of the undoped sample from that of the corresponding doped
sample, L.e. W, = Wyopea — Wandopeas WHETE Wog,eq is the lattice thermal resistivity
of a doped sample and W, 40peq 18 that before the doping.

The aim of the present work is to study the extra lattice thermal resistivity W,
of a doped semiconductor due to the presence of electrons at low temperatures
for the first time by calculating the extra lattice thermal resistivity W, due to
electrons of five samples of phosphorus-doped Ge having different carrier concen-
trations in the range 1.2x10% — 1.1x 10** m~® in the entire temperature range
1—5 K. The variation of W, with the parameters #* (the reduced Fermi energy),
m* (the density of states effective mass), Ep, (the deformation potential constant)
and # (the carrier concentration), which are the factors responsible for the electron-
phonon scattering relaxation rate, has also been studied 1o examine the effects of
these parameters on the extra lattice thermal resistivity due to electrons. The per-
centage contribution % W, towards the total lattice thermal resistivity has been
determined to analyse the relative contribution of the extra lattice thermal resistiv-
ity of a doped sample due to the presence of electrons. An analytical expression
is reported for calculation of an approximate value of W, at low temperatures.

Theory

In spite of the fact that some refinements [13—17] have been proposed, the suc-
cess of the Callaway [18] integral in explaining the experimental data of the lattice
thermal conductivity is very good at low temperatures. Following Callaway, the
total lattice thermal resistivity of the undoped sample at low temperature can be
expressed as

0T
Wimiopea = C | 1, F)dx + 4K (1)
o
where =13t + 1t + 1, FO) = xe (e — 13
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C = (Kp/2n*V) (Kp/h)°, ;" is the combined scattering relaxation rate for the
undoped sample, 73", 7;;' and 7! are the boundary [19], point-defect [20] and
phonon-phonon [21] scattering relaxation rates, respectively, Kz is the Boltzmann
constant, % is the Planck constant divided by 2x, V is the average phonon velocity,
x = ho[(KgT) is a dimensionless parameter, w is the phonon frequency, 6 is the
Debye temperature of the sample under study, and AK is the correction term [18]
due to the three-phonon normal processes, which can be neglected due to its very
small contribution [22 —26] compared to the contribution due to the first part in
Eq. (1). Since our study is confined to low temperatures only, the expression for
the above scattering relaxation rates used in the present analysis can be expressed
as 13" = V/L, 1, = Aw* and 1! = Bw*T*, where L is the Casimir [19] length of
the crystal, and 4 and B are the scattering strengths due to the respective processes.
It should be noted that ;' has been ignored in the actual calculation, due to its
very small values compared to the other scattering relaxation rates at low tempera-
tures.

In a doped sample, the presence of electrons cause two types of carrier con-
centration-dependent scatterings besides the scatterings stated above for an un-
doped sample, and the electron-phonon scattering mechanism is the most im-
portant scattering process in such a sample. At low temperatures, the lattice ther-
mal resistivity of a doped sample is mainly due to electron-phonon scattering. The
scattering of phonons may be due to the bound-state [2—4] electrons or the con-
duction-state [1] electrons. From earlier studies [5—7], it is well established that
for a doped sample having a carrier concentration less than 10% m~3, the scattering
of phonons by the bound-state electrons is more effective and the lattice thermal
resistivity of such a sample is mainly due to the scattering of phonons by the bound-
state electrons. On the other hand, in a sample having a carrier concentration
larger than 10*® m~?, the scattering of phonons by the conduction-state electrons is
the most important scattering mechanism and the lattice thermal resistivity of
such a sample is mainly due to the presence of the conduction-state electrons.
According to Ziman [1], the electron (conduction state) — phonon scattering
relaxation rate can be expressed as

1 * _ _ 2
1= DT'n [1 + exp(r* — (N/T) PTx2 + x/2)] o
[1 + exp(n* — (N/T) — PTx* — x/2)]
where D = E%’mﬁ n* = Ep" = m*Vi = K
ATh'M YV, KT’ 2Ky ° )

E), is the deformation potential constant, m* is the density of the states effective
mass, n* is the reduced Fermi energy, 6° is the atomic volume ¥ is the longitudi-
nal phonon velocity, Ej is the Fermi energy level, M is the mean atomic weight,
and other terms have the same meaning as defined earlier.

Due to the requirement of the conservation of momentum and energy, all of the
phonons can not interact with the conduction-state electrons. The phonons having
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the wave vector / §/ < 2/ K/ can interact with the electrons and are referred to
as non-peripheral [9—12] phonons, while the phonons having the wave vector
| G| > 2/ Kg/ can not interact with the electrons and such phonons are referred
to as peripheral phonons [9—12], where Ky is the electron wave vector corre-
sponding to the Fermi level. Thus, it is clear that the peripheral phonons can not
take part in the electron-phonon scattering mechanism and it is necessary to make
a distinction between non-peripheral and peripheral phonons in the calculation of
the lattice thermal resistivity of a doped sample having a carrier concentration
larger than 10%® m-3, Introducing the idea of peripheral and non-peripheral pho-
nons, following the earlier work of Dubey and Verma [10], and using Eq. (1),
the total lattice thermal resistivity of a doped sample at low temperatures can be
expressed as

0*/T 8/T
Wigea=C [ 05 (7" + ;)" F(x)dx + _/fT T, F(x)dx 3
9*

2FhV,

B
differentiates the peripheral phonons from non-peripheral phonons and depends

mainly on the carrier concentration #, Fis a constant [10] and depends on the car-
rier concentration n, and other terms have the same meanings as defined earlier.
It should be noted that the first integral in Eq. (3) corresponds to the contribution
due to non-peripheral phonons, while the contribution of the second integral is
due to peripheral phonons. It should also be noted that the scattering relaxation
rates due to other scattering processes are assumed to be the same as for the cor-
responding undoped sample, due to the fact that doping produces a negligibly
small effect on these scattering relaxation rates.

The extra lattice thermal resistivity ¥, of a sample due to the presence of elec-
trons can be expressed in terms of the total lattice thermal resistivities of undoped
and of the corresponding doped samples as

where 6 = (7%n)*3is the characteristic temperature [10] of the sample which

I'Ve = Wdoped - Wundoped (4)
Using Eqs (1) and (3) for W,40ped ad Wyopeqs Tespectively, W, can be expressed as
R, — R
W, = e ()
CRy(R; — Ry + Ry)
where
o*iT
R, = [ (15" + 1} + ) T F(x)dx Q]
0
6T
Ry= | (75" + 1)t + T + )" F()dx @)
Q0
9T
Ry = [ (13" + 7" + ) ' F(x)dx 8)

0
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Using Eq. (5) and going through a little mathematical manipulation, the extra
lattice thermal resistivity W, of a sample due to the presence of electrons can be
expressed either in terms of W 4oped> OF in terms of Wyq e, OF in terms of both, as

CR
We = Wantonsd G RW poned) 7
CR
We = Wzo e (10)
PP (1 4 CRW goped)

and We = Wandoped Waopea CR .

where
Ciglis
R= f T tp (o, + Tp0) " F(x)dx 1
Thus, from a knowledge of the experimental values of Wopeq OF Wyngopeas We

can be estimated via Eqs (9)—(12).

Analytical expression

From the previous section, it is clear that to calculate the extra lattice thermal
resistivity W, of a doped sample due to the presence of electrons, one has to go
through the numerical integration of the complicated integrals at each tempera-
ture, which is not an easy task. Therefore, there is a need to have an analytical
expression to evaluate an approximate value of W,. During the numerical analysis
of the earher—glven integrals, it is found that at low temperatures either 7;! > Top
or 75' < 7!, while other scattering relaxation rates have smaller values compared
to these two scattering relaxation rates. Therefore, the analytical expressions have
been obtained under these two approximations.

Followmg the earller work of the author [27—29], considering the domination
of 73" over ;" and 1, due to the low temperature, and using Eq. (1), the lattice
thermal resistivity Wundoped can be approximated as

8T
Wamioped = C T3 [ (1 — Aytpx' — Byrpxd)xter(e — 1)-2dx 13)

where
= AT = A, T*

By = B(Ks/W)2T® = B, T*
which can be expressed as
W ndopea = C1p L[l — Ay, 75 F§ — B, T3 Fi) (14)
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where
e/T

F;ln = m/In’ Ir = ‘S‘ xrex(ex - 1)—2dx: r=1,2,...
0

Considering 6/T as co due to the large value of 0 and the very low values of T,
the integral 7, can be evaluated with the help of the Riemann zeta function. Thus,
one gets an expression for W, qopeq a5

15 3t 20n®
undoped — Z;T—[ _a‘“ 1+ 167'54142 p +

W B2 Tp (15)

i

As stated earlier, in a doped sample at low temperatures, either 5! > 7.} or
15" < 7, Thus, following Eq. (15) an expression for the total lattice thermal
resistivity W, ,.q can also be obtained similarly as for W 4opea-

(A) If 3* > 1, .

At low temperatures, Eq. (2) can be approximated as 1, = DTx. Considering
15" > 1., following Eq. (13) and using Eq. (3), the total lattice thermal resistivity
Wopea €an be approximated as

—1

T
W doped CLL;(I + Aytz FS + Byt FS + d 1y J5/1) (16)

0T
where DT = d, and Jy = [ xVe¥(e* — 1)~ %dx;
0

N =1,2,3...and other terms have the same meanings as defined earlier. At low
temperatures, x = (hw/KzT) < < 1 and (e* — 1) can be approximated as e*, and
hence, the integral I, can be approximated as

0%/ o%/T o*/T
Jy = Y xNeX(e* — 1)~ 2dx ~ j xNe¥(er — 1)=%dx = [ xNe*dx
0 1T iyr
N 1 N 1 1] \n
— ! —1/T = gp—n _ ,—0%T s 1
N.{e ngon!T e P TJ} (17

Using Eqs (15), (16) and (4), the expression for the extra lattice thermal resistiv-
ity W, of a doped sample due to the presence of electrons at low temperatures for
13t > 1} can be approximated as

W, = 931x10-% VKz*KPDT-?. (18)
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(B) If 130 < 7}

For r;l > 13, Eq. (3) can be approximated as

C
W gopea = — Jsll = (Ae/d)H5 ~ (BJd)H3 ~ (v3'/d) H3]
+ C[‘;TE[:! - A2'58M,§ — BQTBMZ] (19)
where ) H" = J, ], M™=1,/I,

/T
I = f xre*(e* — 1)-2dx, r=1,2,3...

r
0*/T

Due to the low values of 7 and the high value of 8, the upper limit of integral 7,
can be taken as oo ; this integral can also be evaluated similarly to Jy and one gets

N e
I;l — —8/T J
n§0

For lower values of T for which (#*/T) > 10, the coniribution due to the second
bracket in Eq. (19) is much smaller compared to that due to the first bracket. Thus
for such values of T, the contribution due to the second bracket can be neglected
and the expression for W, can be approximated as

W, = 2n*VKZ* P DT-2JY1 + (H2 — HY(z5YD)T-"

+(H3 — HIH) (Kl (A/D)T® + (H] — HEHY (Kylh)* (BIDYT*.  (20)

For large values of the carrier concentration, the characteristic temperature 6*
of the doped sample is large enough, and at low temperatures, i.e. for (6*/T) > 15,
the expression for W, in Eq. (20) can be further simplified as

W, = 273 (VIK,) (Kg/h)~3DT-%[1 + 0.18(r3YD)T-*
~332.8(Ky/AY (AID)T* — 4.26 (K,/#)*(BID)TY] . @1

Results and discussion

Using the values of the constants reported in Table 1, which are taken from the
report of Boghossian and Dubey [11], the extra lattice thermal resistivity W, due to
the presence of electrons of the five samples of phosphorus-doped Ge havmg dif-
ferent carrier concentrations in the range 1.2 x 102 —1.1 x 1024 m-2 has been cal-
culated 1n the entire temperature range 1— 5K with the help of the numerical anal-
ysis of Eq. (5) and the results obtained are illustrated in Fig. 1. To compare W,
with the total lattice thermal resistivity of the corresponding undoped sample,
W undopeq has also been calculated using Eq. (1), and the results obtained are re-
ported in Fig. 1. The percentage contribution of W, towards the total lattice ther-
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Table 1

Values of constants and parameters used in the analysis of the extra lattice thermal resistivity
W, due to the presence of electrons of the five samples of P-doped Ge having different carrier
concentrations in the entire temperature range 1—35 K

l i o
" Sample A Sample B Sample C Sample D Sample E
n,m=3 1.2x10% 1.7x10% 2.35x 10% 5.6x10% 1.1x10%
EpJ 2.40x 10-19 5.09x10~1° 6.30x 1019 8.07x 1018 8.13x 1018
8%, K 24 26.8 28 29.2 30
T, K ,7* m* ,7* | m* ,7* ‘ m* ,7* ’ m* ,7* ‘ m*
I |
1 25.63 | 0.24 | 25.97 ’ 0.24 | 29.30 | 0.25 1 30.96 1 0.27 ‘ 31.60 | 0.28
2 2143 | 0.32 | 2235 | 0.35 [ 24.20 | 0.37 ‘ 25.70 7 0.39 I 26.35 | 0.40
3 19.36 | 0.38 | 19.73 ’ 0.40 | 21.15; 042 22.28 l 0.44 | 23.07 | 0.45
4 18.35 | 0.40 | 18.76 | 042 | 19.50 ’ 0.44 ‘ 20.25 | 045 " 20.80 | 0.47
5 17.92 1 0.41 | 18.36 | 0.43 | 18.90 | 0.5 | 19.45 ’ 0.47 | 20.00 | 0.48
! | !
V = 3.9x10% m/sec,
V5 = 4.92x10® m/sec,
8 =376K,
7zl = 7.8x 105 sec—,
A = 24%x10"*sec?
Table 2

Percentage contribution % W, of the extra lattice thermal resistivity due to the presence of
electrons towards the total lattice thermal resistivity of P-doped Ge samples having different
carrier concentrations in the temperature range 1—5 K

Sample A Sample B Sample C Sample D ‘ Sample E

n=12x108m-3n=17%x108% m-3n = 2.35x10%m-5| 4 = 5.6 x 108 m—3 n = 1.1 x10** m~*
T, K %W, Y% W, % We | KW, % W,
1 86.99 95.16 97.18 98.49 98.72
2 88.65 94.81 96.76 97.97 98.30
3 88.87 93.14 95.27 | 96.70 97.21
4 87.95 92.12 93.97 | 95.10 95.98
5 85.75 91.28 93.06 94.52 95.12

mal resistivity of the above five samples of P-doped Ge has also been analysed
and the variation of % W, with the temperature 7 is reported in Table 2. To anal-
yse the effects of the reduced Fermi energy *, the density of states effective mass
m*, the deformation potential constant Ej, and the carrier concentration » on the
extra lattice thermal resistivity W, due to the presence of electrons, the variations
of W, with n*, m*, Ej, and n are reported for the first time in Figs 2, 3, 4 and 5,
respectively. The percentage contribution %, W, for the different values of #* and
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Fig. 1. The extra lattice thermal resistivity I, due to the presence of electrons of five samples

of P-doped Ge in the temperature range 1—35 K. Curves A, B, C, D and E correspond to

samples bhaving carrier concentrations 1.2x 102, 1.7x10%, 2.35x 10%, 5.6 x10% and 1.1X

X 10% m~?, respectively. Curve P corresponds to the undoped sample. The solid line gives
the calculated values, while circles are based on the experimental data

m* has also been studied and the results obtained are reported in Tables 3 and 4
respectively. The variation of %, W, with the parameters E,, and z at constant tem-
perature is given in Table 5. To examine the accuracy of the values of the constants
used in the present analysis, the total lattice thermal conductivity of the sample of
P-doped Ge having the carrier concentration 7 = 1.2 x 10¥ m-? has been calcu-

Table 3

Variation of % W, with the reduced Fermi energy n* for P-doped Ge
|

Sample A ' Sample B Sample C Sample D Sample E
n=12x10¥m-3 ‘ n=17%x108m-% |n=235%x10% m-?* |, n=56%x108m-3 | p=1.1x10"m-3

n* Y% We n* BWe | n* L UWe | n* o We | 7 !%We

18.36 | 91.28 | 18.90 | 93.06 | 19.45 | 94,52 | 20.0 95.12

25.63 86.99 2597 @ 9516 | 26.30 | 97.18 | 30.96 | 98.49 | 31.60 | 98.72
21.43 88.65 22.35 | 94.18 | 2420 | 96.76 | 25.7 97.97 1 2635 | 98.30
19.36 88.87 15.73 | 93.14 | 21.15 | 9527 | 22.28 | 96.70 | 23.07 | 97.21
18.35 87.95 | 18.76 | 92.12 | 19.50 | 93.97 | 20.25 | 9510 | 20.80 | 95.98
17.92 87.75 J‘

J, Thermal Anal. 22, 1981



926 DUBEY: ANALYSIS OF THE LATTICE THERMAL RESISTIVITY

Table 4

Variation of % W, with the density of the states effective mass m* for P-doped Ge

Sample A Sample B ’ Sample C
n=12x10¥m-? n=17X10¥m-? in=2.5‘:5><102“m—3

Sample D Sample E
n=56%x108m-2%  »=11x10"%m-3

m* Yo We m* % W, m* m* Yo We l % We
0.24 ’ 86.99 0.24 95.16 0.25 97.18 0.27 | 98.49 0. 28 ! 98.72
0.32 | 88.65 0.35 94.18 0.37 96.76 | 0.39 | 97.97 0.40 | 98.30

|

0.38 | 88.87 0.40 93.14 0.42 95.27 0.44 | 96.70 0.45 97.21
0.40 87.95 0.42 92.12 0.44 93.97 0.45 | 95.10 0.47 95.98
l 0.48 95.12

0.41 87.75 0.43 91.28 0.45 93.06 ) 047 | 94.52

Table 5

Variation of % W, with the deformation potential constant £, and the carrier concentration
n at constant temperature for P-doped Ge

Ep, 10-*7 ' T=1K ‘ T=2K ) T=3K T=4K ) T=5K n (102 m=-%)

| | | |

W | W AW | KW |
2.40 ‘ 86.99 | 88.65 ‘ 88.87 87.95 85.75 1.2
5.09 } 95.16 | 9481 | 9314 92.12 ‘ 9128 | 17
6.30 97.18 | 96.76 95.27 93.97 93.06 | 2.35
8.07 [ 98.49 ] 97.97 86.70 95.10 94.52 ' 5.6
8.13 i 98.72 t 98.30 97.21 95.98 | 95.12 11

! |

lated for comparison with the experimental data, and the results obtained are
illustrated in Fig. 6; this shows a very good agreement between the calculated and
the experimental Values of the lattice thermal conductivity in the entire tem-
perature range of study. To establish the relative importance of the scattering
relaxation rates used in the present analysis, the variation of these scattering
relaxation rates with the dimensional parameter x has been studied and the
results obtained are reported in Fig. 7 for the sample having the carrier concentra-
tion # = 1.2x10% m~

(A) Variation of the extra lattice thermal resistivity W, due to electrons with
temperature.

The variation with temperature of the extra lattice thermal resistivity W, due to
the presence of electrons of the five samples of P-doped Ge having different car-
rier concentrations in the range 1.2 x 10% — 1.1 x 10** m~® can be studied with the
help of Fig. 1. In this Figure the experimental values are shown by circles, which
mean the values obtained by subtracting the experimentally determined lattice
thermal resistivity of the undoped sample from that of the corresponding doped
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sample [30]. From this Figure, it is very clear that at low temperatures, W, de-
creases with an increase of temperature T for each value of the carrier concentra-
tion. At the same time, it csan be seen that the variation of W, with temperature
at lower temperatures is faster than that at higher temperatures. From this Figure,
one can also see that the nature of the W, vs. T curve is fairly similar for each
sample, and that the extra lattice thermal resistivity W, of a doped sample due to
the presence of electrons is much larger than the total lattice thermal resistivity of
the corresponding undoped sample, which suggests that at low temperatures the
electron-phonon scattering mechanism provides a very large contribution towards
the total lattice thermal resistivity of a doped sample. As a result, it can be said
that at low temperatures the reduction in lattice thermal conductivity of a doped
sample is mainly due to the presence of electrons.

The percentage contribution % W, due to the presence of electrons towards the
total lattice thermal resistivity of P-doped Ge can be studied with the help of Table
2, which shows that, except for the sample having the carrier concentration
1.2x 10 m—3, % W, decreases with the increase of temperature. For the sample
having n = 1.2x 102 m~%, % W, shows an increasing nature with T below 3 K,
but a decreasing nature with an increase in T above 4 K. These tendencies of %,
W, can be analysed by considering the roles of 73* and ;-

(B) Variation of W, with the reduced Fermi energy n*

The effect of the reduced Fermi energy #* on the extra lattice thermal resistivity
W, of a doped sample due to the presence of electrons can be studied by analysing
Fig. 2, which shows the variation of W, with #* for four samples of P-doped Ge
having different carrier concentrations. The variation of W, with #* for the sample
having n = 5.6 x 10 m~2 could not be reported in this Figure for the sake of
clarity. From this Figure, it is clear that W, increases with increasing #* for each
sample, i.e. for each value of the carrier concentration. The increasing nature of
W, can be understood as follows. From the earlier report of Boghossian and Dubey
as well as with the help of Table 1, it is clear that #* shows a decreasing nature
with increasing temperature and with the help of Fig. 1 as well as Eqs (18) and (21)
it is very clear that W, also shows a decreasing nature with 7. As a result of these
two variations, W, should increase with increasing #*, similarly to the results re-
ported in Fig. 2. The variation of 9, W, with #* can be studied with the help of
self-explanatory Table 3, which shows that, except for the sample having » =
= 1.2x10® m=3, 9 W, increases with increasing »*, which is just the opposite to
the variation of % W, with T.

(C) Variation of W, with the density of the states effective mass m*

Figure 3 can be used to study the effect of the density of the states effective mass
m™* on the extra lattice thermal resistivity W, of a doped semiconductor due to the
presence of electrons. This Figure shows the variation of W, with m* for the five
samples of P-doped Ge having different carrier concentrations in the range
1.2x10* — 1.1 x 10* m~%, From analysis of this Figure, one can say that the

7 J. Thermal Anal. 22, 1981



98 DUBEY: ANALYSIS OF THE LATTICE THERMAL RESISTIVITY
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Fig. 2. Variation of the extra lattice thermal resistivity W, due to the presence of electrons

with the reduced Fermi energy n* for four samples of P-doped Ge. Curves A, B, C and E

correspond to samples having n = 1.2x10%, 1.7x10%, 2,35x10%® and 1.1x10% m~—32
respectively
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Fig. 3. Variation of the extra lattice thermal resistivity W, due to the presence of electrons
with the density of the states effective mass m* for five samples of P-doped Ge. Curves A, B,
C, D and E correspond to samples having # = 1.2X10%, 1.7x10%, 2.35x 10%, 5.6%x10%
and 1.1x 102* m~3, respectively
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lattice thermal resistivity W, of a doped sample due to electrons decreases with an
increase of m*. At the same time, it can also be suggested that the variation of W,
with m* is nearly the same for each sample. The decreasing nature of W, with m*
can be explained with the help of the variation of m* with temperature.

The density of states effective mass m™* of the electron is an important param-
eter in the estimation of the electron-phonon scattering relaxation rate 7. and it

i
depends on the carrier concentration #n, as well as on the temperature, as

2/3 B2
2mo KT

[ n

m¥ = |~—
47

[Fip(n*)]72° (22)

where m, is the rest mass of the electron and F,,(n*) is the Fermi integral. The
temperature-dependence of m™* was studied by the author and his co-workers and it
was found that m* increases with increasing temperature, which can be confirmed
using Table 1. At the same time, analysis of Fig. 1 suggests the decreasing nature of
W, with increasing 7. As a result of these two variations, one can conclude that
W, must decrease with increase of the density of states effective mass m* of elec-
trons.

The effect of m* on 9, W, can be studied by analysing the results reported in
Table 4, which shows that %, W, decreases with m* for each sample except that
having the carrier concentration » = 1.2x 10 m=2, for which % W, increases
with temperature below 3 K, while it shows a decreasing nature with T above 3 K.
It is useful to state that the variation of % W, with m* is approximately similar
to the variation of % W, with T.

(D) Variation of W, with Ep

The deformation potential constant E,, which is one of the responsible factors
in the assignment of the electron-phonon scattering relaxation rate, depends
mainly on the carrier concentration and the structure of the crystal, and it is inter-
esting to study the effect of £}, on the extra lattice thermal resistivity W, of a doped
sample due to the presence of electrons. Figure 4 shows the variation of W, with
Ej, at constant temperature for P-doped Ge. From this Figure, it can be seen that
W, increases with increase of the deformation potential constant E, at each tem-
perature. At the same time, it can also be seen that the nature of the W, vs. E,
curve is almost the same at each temperature. The increasing nature of W, with
Ep, can be explained with the help of Egs (2), (18) and (21). The analytical expres-
sions reported in Egs (18) and (19) show that at constant temperature, W, o D for
both of the cases 13" > 7! and 7! > 5% At the same time, from Eq. (2) it can
be seen that the electron-phonon scattering constant D is directly proportional to
E%. As a result, one can say that W, oc E2.

The effect of £, on the percentage contribution %, W, towards the total lattice
thermal resistivity of a doped sample can be studied with the help of the results
reported in Table 5. From this Table, it is very clear that at low temperatures
% W, increases with increasing Ej, for each value of 7.
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Fig. 4. Variation of the extra lattice thermal resistivity W, due to the presence of electrons
with the deformation potential constant Ej, at constant temperature for P-doped Ge
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(E) Variation of W, with the carrier concentration n

The expression for the electron-phonon scattering relaxation rate 7::1!,1 in Eq. (2)
does not contain the carrier concentration term n. However, the parameters
n*, m* and E; which are responsible for 1;1 are mainly governed by the carrier
concentration n. At the same time, the characteristic temperature 0%, which dif-
ferentiates peripheral and non-peripheral phonons, plays a very important role in
the estimation of W, and depends on the carrier concentration n. Therefore, it is
needed to study the effect of the carrier concentration on the extra lattice thermal
resistivity W, due to the presence of electrons of a doped sample.

From Fig. 5, which shows the variation of W, of P-doped Ge with &, it can be
seen that W, shows an increasing nature with an increase of » at constant tempera-
ture. The nature of the W, vs. n plot is nearly the same for each value of T. From
this Figure, it is also very clear that the variation in W, is much faster at lower
values of » than for larger values of n. An increase in the carrier concentration n
means an increase in the number of scatterers in the crystal. As a result the number
of interactions increases, which causes an enhancement in the lattice resistivity.

P-DOPED Ge
n=1.2.10% m-3

B | I
! 3 5
Temperature, K

Fig. 6. Total lattice thermal conductivity of the P-doped Ge sample having the carrier con-

centration 1.2X 10 m 3% in the entire temperature range 1— 5 K. X is the total laitice thermal

conductivity, K, is the lattice thermal conductivity due to non-peripheral phonons and K oh

is the same due to peripheral phonons. The solid line gives the calculated values, while the
circles are the experimental points
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Table 5 clearly demonstrates that at low temperatures 9, W, increases with increase
of the carrier concenfration » for each value of T, which is similar to the variation
of % W, with Ej,.

(F) Reliability of constants and scattering relaxation rates

The reliability of the values of the constants used in the present analysis can be
tested with the help of Fig. 6, which shows the total lattice thermal conductivity of
the P-doped Ge sample having the carrier concentration » = 1.2x10% m=2 in
the entire temperature range 1—5 K. From this Figure, it is very clear that the
values of the constants used in the present analysis give excellent agreement be-
tween the calculated and experimental values of the lattice thermal conductivity
in the entire temperature range 1 —5 K, which predicts that these values are correct.
Using these values, the variation of 3", 1, and 7} with the dimensionless param-
eter x is illustrated at constant temperature for the P-doped Ge sample having
n = 1.2x10%® m~%in Fig. 7. The variation of ;' with x could not be included in

=)
Gy

Relaxtion rates, s
~

Sampte |
n=121023m"?

105
v /
i
—~

Fig. 7. Veriation of the scattering relaxation rates 737, 7' and 7;' with the dimensionless
parameter x
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this Figure due to its very small contribution compared to the other scattering
relaxation rates. The dominating nature of 7, I over the other scattering relaxation
rates can be seen with the help of Fig. 7, and th1s is very important in establishing
the analytical expression for W,.

Conclusions

The extra lattice thermal resistivity W, due to the presence of electrons of a
doped sample has been studied at low temperatures for the first time by calculating
W, for five samples of P-doped Ge having different carrier concentrations in the
range 1.2 x 10® — 1.1 x 10?2 m~-? in the temperature range 1—5 K, and the results
obtained are discussed above. With the help of these results, one can conclude the
following:

1. The extra lattice thermal resistivity W, due to the presence of electrons of a
doped sample decreases with increasing temperature and 9, W. also shows a
decreasing nature with T

2. W,and %, W, show increasing natures with increase of the reduced Fermi
energy #* at a constant carrier concentration #.

3. Both W, and 9, W, exhibit decreasing tendencies with an increase in the
density of the states effective mass m* for a constant carrier concentration 7.

4. At a constant temperature in the range 1 —5 K, W,and % W, show increasing
natures with increase of the deformation potential constant Ej,.

5. At constant temperature, W, and %, W, increase with the carrier concentra-
tion #.

6. The analytical expression has been obtained for calculation of an approxi-
mate value of W, and it is found that W, oc 7% for both the cases 73" > ;! and

<ot

ep*
*
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REsumE — La variation en fonction de la température de la résistance thermique extra du
réseau d’un échantillon dopé, due aux électrons, a été étudiée pour la premiére fois & basse
température, en analysant la résistance thermique extra du réseau due aux électrons de cing
échantillons de Ge dopés en phosphore a diverses concentrations comprises entre 1.2X 10% et
1.1x 10%* m—2 dans Pintervalle de températures de 1 4 5 K. Dans le cadre de cette étude on
a analysé, également pour la premiére fois, la variation de la résistance extra du réseau d’un
échantillon dopé due aux électrons, avec les paramétres n* (énergie de Fermi réduite), m*
(densité d’état de la masse effective), E, (constante du potentiel de déformation) et # (concen-
tration du support), qui sont responsables de la vitesse de relaxation de la diffusion phonons —
&lectrons. On décrit une expression analytique pour le caleul approché de la résistance thermi-
que extra du réseau, a basse température, d’un échantillon dopé, due aux électrons.

ZUSAMMENFASSUNG — Die Temperaturabhingigkeit des auf die Gegenwart von Elektronen
zuriickzufithrenden zusitzlichen thermischen Widerstandes des Gitters einer dotierten Probe
wurde bei niedrigen Temperaturen durch die Analyse des durch Elektronen hervorgerufenen
zusitzlichen thermischen Widerstandes bei fiinf mit Phosphor dotierten Ge Proben mit unter-
schiedlicher Trigerkonzentration von 1.2x 10% — 1.1x 10*# m~?% im Temperaturbereich von
1—5 K, erstmalig untersucht. Die Anderung des durch Elektronen hervorgerufenen zusitz-
lichen thermischen Widerstandes des Gitters einer dotierten Probe mit den Parameiern #*
(normierte Fermienergie), m* (effektive Masse der Zustandsdichte), £, (Konstante des
Deformationspotentials) und » (Trigerkonzentration), welche fiir den Anteil der Relaxation
der Elektronen-Phononen-Streuung verantwortlich sind, wurde ebenfalls in der vorliegenden
Untersuchung erstmals analysiert. Es wurde auch zwischen den nichtperipherischen und den
peripherischen Phononen unterschieden. Ein analytischer Ausdruck zur Berechnung des
Niherungswertes des zusitzlichen thermischen Widerstandes des Gitters durch die Gegenwart
von Elektronen einer dotierten Probe bei niedrigen Temperaturen wird angegeben.
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PesroMe ~— B oGiacTy HH3KHX TEMIEPATYP M3YyYeHa TeMIlepaTypBas 3aBUCEMOCTH CBEPX[eliie~
TOYHOTO YAEIBHOTO COIIPOTUBIICHHUS, OOYCIIOBIEHHOTO HANHYHEM 3JIeKTPOHOB, JISTH POBAHHEBIX 06~
pasnoB. Brneperie wccnenoBagve NPOBOAMNQCh Ea ISITH 00paslax repMaHus, JNETMPOBAHHOTO
docdopoM, ¢ koBLEHTPaLBeHk HocuTens B obmacty 1.2 - 102—1.10 - 10** Mm~? m mpw TemmepaTy-
pax 1-—35 K. B paGoTe BliepEbie W3y4eHO N3MEKEHKE CECPXPEINETOYHOrO yASIBEOTO CONT OTHERIIE-
HMsl, OOYCJIIOBNICHHOIO 3JEKTPOHHBIM BKJIAJOM JCIHPOBAHEBX 0€pasnoB ¢ IapaMeTpaMm:
7* — yMenblrenue dHEprun ®epMH, 4% — IJOTHOCTH COCTOSHUN > deKTHBHON Maccel, E 7 —
XOHCTaHTa Je(OPMallHOREOT O DOTEHIMANA U I — KOHLEHTPAIMS HOCHTEIs, KOTOPLIE OTEETCT-
BEHHEBI 3& CKOPOCTh peflakcaliny ICKTPOH-GOHOKHOTO paccesdHud. B npeicTaBlIesHOM aranuie
COCIAHO PAziMIue MeXAY ONuwKHuMA U JansHuMu GoroHaMH. IIpeICcTapneHo aHANHTHYECKOS
BBIPAXKEHUE JUTS BEMACICHNS IPUOIMAKEHHOIO 3HAYCHES CBEPXPEIETOYHOTO TEMIOBOTO YIEIbHRO-
TO COIPOTHBICHNS, OOYCHOBICHHOTO HAJHYHEM 3IIeKTPOHOB B JIETRPOBAHHEIX 00pasnax.
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